I. INTRODUCTION
Due to the significant position of narrow bandwidth multimode channel filters in communication satellite payloads [1] , rigorous electromagnetic (EM) modeling of the filters has become an urgent task since the circuit theory model [2] was developed by Atia and Williams in the 1970's. An accurate modeling and design of the channel filters will considerably reduce or even hopefully eliminate the manual tuning process. One of the key elements in the EM filter design is the modeling of cross-or rectangular-shaped irises between circular waveguide cavities.
Because of the difficulties engendered by the different geometrical coordinates in the iris aperture and circular waveguides (one is rectangular, another is circular), analysis of these types of junctions has shown that "there appears to be no easy analytical solution" [3] and numerical integration has been used [3] - [5] .
Fortunately, an easy analytical solution has been available using a plane-wave finite series expansion of the Bessel-Fourier modal eigenfunction in the circular waveguide [6] . An analytical solution for the scattering of smaller rectangular-to-circular waveguides has been given in [6] . This paper will provide a rigorous analysis of an arbitrary offset and orientation cross waveguide to a large circular waveguide junction. Applications of the analysis to waveguide filter design will be emphasized. This is an extension of the work in [6] to a more practical case in waveguide dual mode filter design.
Instead of treating the horizontal and vertical slots separately, as in [4] , the cross-shaped slot will be treated as a complete waveguide. The advantages of the new formulation over previous works are: 1) it provides the coupling information for a slot in one direction in the presence of another slot in the perpendicular direction; 2) the coupling information for both slots can be obtained at same time, which is very important in full EM analysis of circular waveguide dual mode filters; and 3) full analytical expressions to be deduced for the elements of the modal analysis matrix equation lead to a rigorous and efficient solution of the problem.
The formulation has been verified by experiments and excellent agreements are obtained.
II. THEORY

A. Mode Functions in Cross Waveguide
The generalized crossed rectangular waveguide considered in this paper is depicted in Fig. 1(a) . The modes in the cross waveguide are grouped according to their symmetry with respect to the x and y axis. The modal solutions have been discussed in [7] . For clarity, the nth mode functions for each group will be summarized in the following compact form: when (x; y) is located in range II for TE and TM modes, respectively.
The functions Q, P, R, S, A, B, C, and D and boundary conditions for each mode group are listed in Table I . Since the procedure for obtaining the eigenvalues p n 1r and p n 2m and eigenvector coefficients 8 n 1r
and 8 n 2m has been given in [7] , it will not be discussed further here. 
B. Mode Functions in Circular Waveguide
To mode match the fields of the two waveguides at the common junction, the conventional circular cylindrical Bessel-Fourier modal functions must be converted into functions in rectangular coordinates. This is done with a finite series of exponential plane wave functions in rectangular coordinates [6] . We rewrite the (q; r) circular waveguide's modal functions [6] as follows: e ht2( ) qr (x 0 ; y 0 ) = N h;qr (2) h 0 qr N j q+1 N01 l=0 C lq S lq 1 e 0jh (C 1x +S 1y ) 1 (S l x 0 0 C l y 0 )e 0jh (C 1x +S 1y ) (2a) e et2( ) qr (x 0 ; y 0 ) = N e;qr (2) hqr N j q+1 N01 l=0 C lq 0S lq 1 e 0jh (C 1x +S 1y ) 1 (S l x 0 + C l y 0 )e 0jh (C 1x +S 1y ) (2b) where C l q = cos(lq 2 N ); S l q = sin(lq 2 N ); C l = cos( l2 N ); and S l = sin( l2 N ). The number N of terms in the series is dictated by the argument and order of the Bessel function and has been discussed in detail in [6] . Referring to the coordinate relations shown in Fig. 1(b e et2( ) qr (x; y) = N e;qr (2) hqr N j q+1 N01 l=0 C lq 0S lq 1e 0jh (C 1x +S 1y ) 1 (S 0 l x + C 0 l y)e 0jh (C 1x+S 1y) (3b) where C 0 l = cos( l2 N 0 ) and S 0 l = sin( l2 N 0 ) . Equation (3) will be the modal functions of circular waveguide to be used in the analysis.
C. Mode-Matching Equations
To obtain the mode matching equations for the junction as shown in Fig. 1(b) , we enforce the fields continuity condition at the common boundary plane, that isẼ t (1) j S1 =Ẽ t (2) j S1 ;H t (1) j S1 =H t (2) j S1
andẼ t (2) j S20S1 = 0. It is assumed that S1 and S2 refer to the small and large waveguide cross sections, respectively. The above boundary conditions can be converted into a set of algebraic equations by projecting them onto some suitable functional space. A generic projection used in this paper is S1 (z 2ẽ h;kl (1) ) 1H t (2) ds = S1 (z 2ẽ h;kl (1) ) 1H t (1) (2) 1Ẽt (1) ds:
(4d) SinceẼjt = 0 on 6 = S20S1, the integrals on the right-hand side of (4c) and (4d) extend over S1. Expressing the fields in waveguide by a superposition of incident and reflected modal field series of finite length, we can rewrite (4) 
D. Closed-Form Expressions of Matrix Elements
Referring to (1) and (3), it is straightforward to show (6a)-(6c), shown at the bottom of the previous page, where functions 
III. NUMERICAL AND EXPERIMENTAL RESULTS
To verify the formulation, the structure shown in Fig. 2 is simulated, where the junction of small rectangular-to-circular waveguide is analyzed using the technique discussed in [6] and the centered cross iris is solved using the formulation discussed in this paper. It can be observed from Fig. 3 that the measured data are in very good agreement with the theoretical results.
To show the applicability of the formulation to the dual-mode waveguide filter design, the formulation developed in the previous section is used to calculated the coupling of a cross-shaped iris between two circular cavities. The coupling values of a series of centered cross irises with the same vertical slot length but different horizontal slot length L1 are measured to verify the formulation. The coupling values are measured by measuring the bandwidth of two circular cavities with a cross iris between them. Table II gives the calculated and measured coupling values for the TE111 mode. The thickness of the irises is 0.016 in., the radius of circular cavity is 0.535 in., the width of the irises is 0.03 in., and the length of the vertical slot L2 is 0.2 in. The cavities are weakly coupled to the input/output waveguides through small apertures. Since the cavity length is fixed, the change in horizontal slot length affects the loading of the cavities and, therefore, alters the resonant frequency f0. It has been found that only three modes are enough in the cross waveguide by using symmetrical modes in the analysis. It can be seen that the technique can be directly used in the physical dimension designing of multimode waveguide filters with very minor adjustments.
IV. CONCLUSION
A closed formulation has been developed to carry out modal analysis of small cross-to-circular waveguide junctions. The formu- lation is particularly useful for the analysis of a cross-shaped iris between circular waveguide cavities. Such a structure is a key element in designing multimode circular waveguide filters. The advantage of the formulation over previous work is that it can provide the coupling information for a slot in one direction in the presence of another slot in the perpendicular direction. The benefits of accuracy and efficiency are obvious from this closed-form expressions since no numerical integration is needed. The formulation has been well verified experimentally and will serve as a very useful tool for multimode circular waveguide filter design. all of which can be integrated analytically. As can be observed from Table III , the functions Sign x (k) and Sign y (k) (with quadrant k = 1; 2; 3 and 4) follow the integration direction along the x and y axes, respectively, starting from the center of the cross waveguide.
The weighting functions A x (k; iqq) and A y (k; iqq) involve the orientation information of the x-and y-components, respectively, of the modal functions in cross waveguide. The orientations of components depend on the boundary conditions of mode group (iqq) and the quadrant number (k), where the field point is located . These two functions are summarized in Table IV. 
